Answers to Assignment 4 


9.1. Let r be a closed contour in C. Since e z is holomorphic on C and C 
is simply connected, it follows from Cauchy’s integral theorem that 

J e z2 dz = 0 . 

By Theorem 8.11, e z has an antiderivative on C. 

9.2 Let r = {z <G C : |z| = 1} be oriented once in the counterclockwise 
direction. Paramietrize it by 

z = e lt , 0 < t < 2n. 

Then 



So, it is not true that f r zdz = 0 for every closed contour T in C. This does 
not contradict Cauchy’s integral theorem because z is not holomorphic on 


9.3. The function Log(z + 3) is holomorphic at all z with z + 3 ^ (—oo, 0]. 
Let D be the open disk with center 0 and radius 2.5. Then Log(z + 3) is 
holomorphic on D (Why?) and D is simply connected. Therefore 

/ Log(z -r 3) dz = 0 

Jc 

by Cauchy’s integral theorem. 

9.4. By partial fraction decomposition, 

2z 2 -z + 1 _ A B C 

(*-l) 2 (2 + l) “ ~1 + + CW 3 

A(z — l) 2 + B(z — 1) (2 — 1) — C(z + 1) 

A(z 2 - 2z + 1) + B(z 2 - 1) + C(z + 1) 
(z-l)Hz + l) 



Therefore 

A + B = 2 

-2 A +C =-l 

A-B + C =1. 

So, A = B — C — 1. Therefore 


f 2z 2 -z + l 

J r (z-mz+i) 


JXjTT + 7h + TTZTy) dz - 


Let T; amd T r be the contours on the left and on the right, respectively. T ; 
can be continuously deformed into a circle (7_i centered at —1 and lying 
inside T; and T r can be continuously deformed into a circle C\ centered at 
1 and lying inside T r . Now, by Cauchy’s integral theorem, 


/(4, + ^T + ^W/ -2-rdz = 2«. 

7i’f i v + 1 *-l 0-!)/ + l 

By Cauchy’s integral theorem again, 

L (iTT + 7^ + dz = i tX dz+ i (^W dz = - 2 "- 


f 2z 2 -z+l 

Jr i z ~ 1) 2 (^ + 1 


-dz = 27ri — 27ri = 0. 


10.1. Let C be the unit citcle with center at the origin and oriented once 
in the counterclockwise direction. Let f(z) — cos z. 


/ ,2 » = 


(27)! 


i: 


2 



Now, 


/(0) = cos 0 = 1, 

/'(0) = - sin 0 = 0, 
/"(0) = — cos 0 = — 1 
/'"(0) = sin 0 = 0, 
/ {4) (0) = cos 0 = 1, 

/ {7) ( 0 ) = 0 , 

/ { 11 ) ( 0 ) = 0 , 

/ { 15 ) ( 0 ) = 0 , 

/ { 19 ) ( 0 ) = 0 , 

/ {23) ( 0 ) = 0 , 


/ {27) ( 0 ) = 0 . 


Therefore 


f C0S n 

/ -^r dz = Q - 
Jc z 

Next, write 


X(e 

lY dz= /iiz 


1/ Jo ( z — ' 

Let /(*) = (: 

and 

So, 

. Then 

f(z)= 3 -(z- 2f 

f"{z) = \(z- 2). 






Using Cauchy’s integral theorem, we get 



97ri 


16 ' 


10.2. Write T as 

r+ + r_, 

where r + is the upper semicicle + [—3, 3] oriented once in the counterclock¬ 
wise direction and T_ is the lower semicircle + the line segment from 3 to 
—3 oriented once in the counterclockwise direction. Then 


La*+ i) 2<iz L 


_ _ ~ ij 

A + iy"- J r _ (z + if 


dz = 


f -( z ) = 


(z-iy 


/-H) : 


(z — i) 2 ie lz — 2 e lz (z — i ) I —4ie + 4ei 


(z - i ) 4 


16 


L i^w dz = L = 


f+( Z ) -- 


(z -hi) 2 


Therefore 

f + (i) = 

Therefore 


(z + i) 2 ie lz — 2 e lz (z + i ) I —4ie 1 — 4ie 




L 


(. 2 2 + 1 ) 2 
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10.3. By Cauchy’s integral formula, 


JW = J-. / —^ 

2m J Cr z - z 0 


where C' r is the circle {z €-C : \z — z Q \ — r} oriented once in the counter¬ 
clockwise direction. Parametrizing C r by 


z — z 0 + re , 0 < 9 < 2n. 


Then 


i r 2n ... i r 2n 

f( z 0 ) = J f(rn + re ie )re ie ire l6 dd = — J f(z 0 + re %e )d9. 


10.4. By Cauchy’s integral formula, 

'"W-bI 


/(*) 


-dz, 


r (z - z 0 ) n+1 

where C r and its parametrization are as in 10.3. Then 


r 


•>«£f 


27rr n 


n2n 

/ /(z o + re i0 )e' 
Jo 


10.5. Using polar coordinates, 


/» /*2tv /»1 

/ f(x + iy)dxdy = / / f(re l6 )rdr dO 

J\z\<l Jo Jo 


Si (/ 2 * /(rei,)d ^ dr ' 


By the Mean Value Property of holomorphic functions, 


/•2-k 

/ f(re t0 )d9 = 2tt/(0). 
Jo 
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Therefore 


[ f(x + iy)dxdy = 27t/(0) [ rdr = nf(0). 
J\z\<l Jo 


10.6. Orienting C R once in the counterclockwise direction, we get by 
Cauchy’s integral formula, 

. 


On C R , 


| m | 

<^L 

\z - Zq\ 

- fin+l- 

So, by the ML- theorem, 



Mn\ 



10.7. Let / be a bounded and entire function. Then there exists a positive 
constant M such that 

\f(z)\<M, zeC. 

By Cauchy’s estimate with n = 1, we get 


for every positive number M. Ler R —> oo. Then 


Therefore / is a constant function. 


10.8. Suppose by way of contradiction that P(z) ^ 0 for all z e C. Then 
p ;is an enire function. Since —> 0 as \z\ —>■ oo, it follows that ^ is a 

bounded function on C. By Liouville’s theorem, ^ is a constant function. 
Therefore P is a constant function. This contradicts the assumption that 
P is a polynomial. 
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